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COADJOINT REPRESENTATION OF BMS 3 

1 Introduction 

Coadjoint orbits of semi-direct product groups with an Abelian factor are well- 
understood HHa. Their classihcation involves the same little groups that appear 
in the context of “induced representations”, that is, the construction of unitary 
irreducible representations of the full group from those of the little groups. 

The purpose of the present paper is to apply this classihcation to the centrally ex¬ 
tended BMS 3 group and elaborate on its relation with asymptotically hat solutions 
to Einstein’s equations in three dimensions. Indeed, it follows from the considera¬ 
tions in [ 6 H 8 ] that the reduced phase space of three-dimensional asymptotically hat 
gravity at null inhnity coincides with the coadjoint representation of BMS 3 at hxed 
central charges Ci = 0, C 2 = 3/G. As a consequence, this solution space consists 
of coadjoint orbits of BMS 3 . There is thus a close relation between classical gravi¬ 
tational solutions and unitary irreducible representations of their symmetry group, 
or “BMS 3 particles” in the terminology of [9]. Our objective here is to make this 
relation precise. 

The plan of the paper is the following. We start, in section |2l by reviewing 
the coadjoint representation of semi-direct product groups and the classihcation of 
their coadjoint orbits. As an application, the case of the Poincare group in three 
dimensions is briehy discussed. Section [3] is devoted to a description of the coadjoint 
representation of BMS 3 and its relation to three-dimensional asymptotically hat 
spacetimes at null inhnity. In particular, the full understanding of the coadjoint 
orbits is used to complete the positive energy theorem for asymptotically hat three- 
dimensional spacetimes im by a discussion of angular momentum in this context. 
We end in Section 0] by discussing the link between geometric quantization and 
induced representations following M. and apply these considerations to the case 
of the BMS 3 group. 

Throughout this work, we will use notations, conventions and results of [9], 
except for the fact that the dual of the action involved in the semi-direct product, 
(T*, will always be written explicitly. 

Specihc coadjoints orbits of related (conformal) Carroll groups have recently also 
been discussed in [TTlfT^ . 


2 Coadjoint orbits of semi-direct products 

In this section we consider a semi-direct product group H = G A, with G a Lie 
group, A an Abelian vector group, and a a smooth representation of G in A. For 
simplicity, we will restrict the discussion here to hnite-dimensional Lie groups. 
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2.1 Coadjoint representation 

The Lie algebra of is f) = 0 ©s A and the adjoint action of H reads 

Ad(/,„)(X,/3) = {AdfX, af^ - EAd,A«) V (/,«) e H, V (X,/3) g f). 

The dual space of f) is ()* = g* © d*, whose elements, denoted as {j,p) with j e g* 
and p e A*, are paired with f) according tc0 

<(j», (^, a)> = + ( P , «>• 

Writing down the coadjoint action of H requires some additional notation mi: a 
bilinear “cross” product x : d x A* —> g* : (a,p) » a x p is defined by 

<a X p,X> := <p, Sxa> V W e g. (2.1) 

The notation is justified by the fact that, when H is the Euclidean group in three 
dimensions, a x p can be identified with the usual cross product in With this 
definition, the coadjoint action of H is given by 

= (Ad}j + a X a}p, a}p) , ( 2 . 2 ) 

where a* denotes the dual representation associated with a, while the Ad*’s on 
the right-hand side denote the coadjoint representation of G. More generally, the 
notation Ad* will be reserved for the coadjoint representations of both H and G, 
the subscript indicating which group we are working with. 

A special class of such semi-direct products consists of groups of the form H = 
G XAd gab, with A = gab seen as an Abelian vector group. In this case, a x p = 
ad*p, with an obvious abuse of notation consisting in identifying elements of gab, 
respectively g*j 5 , with the corresponding elements of g and g*. We use the index “ab” 
to distinguish the dual space of the Abelian algebra from that of the non-Abelian 
one. This class includes the Euclidean group in three dimensions, the Poincare group 
in three dimensions and the BMS3 group. The dual of f) then becomes f)* = g*©gab 
and the coadjoint action fl 2 . 2 p reduces to 

= {M}j + ad:Ad>, Ad*p). 

2.2 Coadjoint orbits 

The coadjoint orbit of {j,p) e li* is the set 

- {Ay,,„|(i,p)|(/,a) 6 H] ^ t,\ 


^We use the same notation .) for the pairings of f)* with f), of g* with g and of A* with A. 
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with Ad*jQ,)(j,p) given by fl2.2p . The goal is to classify the coadjoint orbits of H, 
assuming that the orbits and little groups 

Op = {a}p\f e G} - G/Gp, Gp = {/ e G\a}p = p) 

of the action a* are known. These are the orbits and little groups that play a key 
role for induced representations of semi-direct product groups. From the second 
half of the right-hand side of fl2.2p . involving only cr^p, it follows that each coadjoint 
orbit kV(j,p) is a hbre bundle over the orbit Op, the hbre above q = ajp being the 
set 


{ {AdiAd}j + tt X 9, ?) 1^ e G,, a e A} c ()T 

It remains to understand the geometry of these hbres and the relation between fibres 
at different points. 

Preliminary: orbits passing through j = 0 

Consider the first half of the right-hand side of f|2.2p . 

Ad}j -I- a X a}p, (2.3) 

and take j = 0 for now. Then, keeping q = a}p fixed, the set spanned by elements 
of the form fl2.3p is 

Span^ := {a x q\a e A} c g*. (2.4) 

Now, the tangent space of Op at q can be identihed with the space of “inhnitesimal 
displacements” of q: 


r,Op = G 0} c AT (2.5) 

Note that = 0 iff X belongs to the Lie algebra of the little group Gg, so 
that the tangent space fl2.5p is isomorphic to the coset space g/g^. It follows that 
the cotangent space T*Op at q is the annihilator of g^ in g*, that is, 

r;Op = g; := {j e = 0 VX g gj c gT 


In turn, the latter space coincides with the set fl2.4p : 

r;Op = gj = Span^. 
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Indeed, for all X G g,, one has (a x q,X') = (q,'Exa) = —(SJq, a) = 0, so 
Of X q G = T*Op for all a e A. Conversely, any element of g° can be written as ax q for 
some a e A. To see this, consider the linear map Tq : A ^ : a axq. The image of Tq 

has dimension dim A—dimKer(Tg). Since Ker(Tq) = {a G a) = 0 V [X] G fl/Oq}, 

elements of Ker(rq) are elements of A constrained by dimg — dimg^ independent con¬ 
ditions. This implies that dimKer(Tq) = dim A — dimg + dimg^, so that dimlm(rq) = 
dimg — dimg^ = dimg°. It follows that Tq is surjective. ■ 

From this we conclude, more generally, that the orbit passing through j = 0 is the 
cotangent bundle of Op-. 

>V(o,p) = {{a X a}p,a}p) |(/,a) ^ H} = \J T*Op = T*Op cz r. 

qeOp 


General case 

It remains to understand the role of j in fl2.3p . Let us therefore £x some (j, p) e li* 
and focus for now on elements / belonging to the little group Gp, so that cTj(p) = p. 
With this restriction, the set of points reached by the coadjoint action of H on (j,p) 

is 


{(Ad^j + a X p,p) 1/ e Gp,a e A} c (2.6) 

where in general Adj(j) A j because the little group Gp need not be included in the 
stabilizer of j for the coadjoint action of G. Now, it follows from (12.ip that 

Adj(a X p) = a fa x a*fp. 

Together with the requirement that / belongs to the little group at p, this property 
allows us to rewrite the set 02.61) as 

{(AdJ (j + /3 X p) ,p) 1/ e Gp, /3 E A}. (2.7) 

Hence, in particular, translations along (3 allow one to modify at will all components 
of j that point along directions in the annihilator The only piece of j that is left 
unchanged by the action of translations is its restriction jp := to Qp, so the set 
02 .7p can be rewritten as 

{Ad^jpl/ e Gp} X {a x p \ a e A} , (2.8) 

' ' t;Op 

where Wjj, cz g* denotes the coadjoint orbit of jp e g* under the little group Gp. 
Thus, when yV{j^p) is seen as a fibre bundle over Op, the fibre above p is the product 
02 .8p of the cotangent space of Op at p with the coadjoint orbit of the projection jp 
of j under the action of the little group of p. 
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The same construction would hold at any other point q on Op, except that the 
relevant little group would be Gq. Thus, the fibre above any point q = a^p e Op is a 
product of the cotangent space of Op at q with the Gg-coadjoint orbit W(Ad*j)g 5 where 
(Adjj)g denotes the restriction of Ad^j to But little groups at different points 
of Op are isomorphic: if one chooses a group element Qq ^ G such that = q, 

then Gq = Pq ■ Gp ■ and g^ = Adg^g^. Therefore, is diffeomorphic to 

Wjp for any q = a*jp e Op, the relation between the fibres above q and p is given by 
the coadjoint action of H. 


Classification of coadjoint orbits of H 


The conclusion of the last paragraph can be used to classify the orbits of H. The 
bundle of little group orbits associated with {j,p) e [)* is defined as 





(2.9) 


According to the discussion of the previous paragraph, is really the same as 

>V(yp), except that the cotangent spaces at each point of Op are “neglected”. The 
bundle of little group orbits is thus a fibre bundle over Op, the fibre Fq at q e Op 
being a coadjoint orbit of the corresponding little group Gq. The relation between 
fibres at different points of Op is given by the coadjoint action of H, or explicitly. 


{k, q) e Fq iff 3 f e G such that k = (Ad^j)^ and q = a*jp. 


Conversely, suppose that two elements p e A* and jo ^ 0p are given. The group 
G can be seen as a principal Gp-bundle over Op, equipped with a natural Gp-action 
by multiplication from the left in each fibre. In addition, Gp acts on the coadjoint 
orbit yVjq, so one can define an action of Gp on G x Wjq by 

(f,k)eGxWj„&: {g.f,Ad;(k)). 

The corresponding bundle of little group orbits By^^p) is defined as 

:=(GxH>,„)/G,. (2.10) 

Thus, from each coadjoint orbit of H, one can build a bundle of little group orbits 
fl2.9p : conversely, from each bundle of little group orbits as defined in fl2.inp . one can 
build a coadjoint orbit of H by choosing any j e g* such that jp = jo and taking the 
orbit yV^j^p). In other words, the classification of coadjoint orbits of H is equivalent 
to the classification of bundles of little group orbits inffl- 

This yields the complete picture of coadjoint orbits of H: each coadjoint orbit 
'W{j,p) is a fibre bundle over Op, the fibre above q e Op being a product of TfOp 
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with a coadjoint orbit of the corresponding little group Gq. Equivalently, }V{j,p) is a 
hbre bundle over T*Op, the hbre above (g, a x g) e T*Op being a coadjoint orbit of 
Gq. To exhaust all coadjoint orbits of if, one proceeds as follows: 

1. Pick an element p e A* and compute its orbit Op under the action a* of G; 

2. Find the corresponding little group Gp] 

3. Pick jp e g* and compute its coadjoint orbit under the action of Gp. 

The set of all orbits Op and of all coadjoint orbits of the corresponding little groups 
classihes the coadjoint orbits of H. Put differently, suppose one has classihed the 
following objects: 

1. The orbits of G for the action a*, with orbit representatives px e A* and 
corresponding little groups Gx, X e I being some index such that Op^ and 
Op^, are disjoint whenever A A A'; 

2. The coadjoint orbits of each Gx, with orbit representatives jx^p, e 0^) h ^ <^a 

being some index such that and are disjoint whenever p A p'■ 

Then, the set 

{ (Ja,m,Pa)| a e Ja} c fi* 

forms a complete set of representatives for the collection of disjoint coadjoint orbits 
W(^-^ pa) (possibly continuous) indices A, p label the orbits uniquely. 

2.3 Poincare group in three dimensions 

The double cover of the Poincare group in three dimensions is 

SL(2,M) XAdSl(2,M)ab, (2.11) 

with SL(2,M) the double cover of the connected Lorentz group in three dimensions, 
and sl(2,M)ab isomorphic to the Abelian group of translations. The dual of the 
Poincare algebra consists of pairs {j,p), where both j and p belong to s[(2,M)*. 
One may refer to p as a momentum vector and to j as an angular momentum 
vector. The projection jp of j on g* is the classical analogue of intrinsic spin, while 
the components of j that can be varied through translations a x p represent orbital 
angular momentum. 

The coadjoint orbits of fl2.1ip are classihed by the general results of subsection 
12.21 Let therefore {pa|A e X} be an exhaustive set of representatives for the coadjoint 
orbits of SL(2,R), see e.g. jT3HI5]. For example, take X = M u zMq u with 
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A = 0 corresponding to the vanishing momentum; po = X e = 0 corresponding 

to positive (negative) energy and positive mass squared; po = 0, pi = 0,p2 = iX, 
X e , corresponding to negative mass squared; and p 2 + ipo = pi = 0 

corresponding to massless momenta with positive or negative energy. 

Whenever p\ ^ 0, the little group G\ is Abelian and one-dimensional, so that 
0 ^ = M and the coadjoint action of G\ is trivial. The index p in the set 
then runs over all real values, labelling the component of jx,ij, along the direction 
0 ^ in s[(2,M)*. We will denote this component by s, for “spin”. Hence, whenever 
p\ A 0, the coadjoint orbit of {j\,fj,,p\) under the Poincare group is diffeomorphic 
to the cotangent bundle T*Op^. However, two such orbits having the same index A, 
but different indices p (i.e. different spins s of jA./i along 0 ^), are disjoint. The only 
orbits left are those containing p = 0. These are all of the form Wj x {0} = Wj, 
where Wj is the coadjoint orbit of j e sl(2,R)* under SL(2,M). 


3 Coadjoint orbits of BMS 3 


As before, we use the notations and conventions of j9], to which we refer for a 
dehnition of the BMS3 group (and its central extension) and the construction of 
its induced representations. The purpose of this section is to classify the coadjoint 
orbits of the BMS3 group and to establish the link of this classihcation with three- 
dimensional gravity. In particular, angular momentum is studied in some detail. 

3.1 Generalities on the BMS 3 group 

The centrally extended BMS3 group is of the form G x^d 0ab with G the uni¬ 
versal cover of the Virasoro group. The dual of the bmS 3 algebra is the space 
Vect(S'^)* © Vect(S'^)*b, whose elements are quadruples (j,mi;p,zc 2 ), where Ci and 
C 2 are central charges while the supermomentum p and the angular supermomen¬ 
tum j are quadratic differentials on the circle. The pairing with elements of bmS 3 
is explicitly given by 


({j,ici]p,ic 2 ), (AT, -ia;a, -ib)) = dcp (j( 0 )X( 0 ) -fp(^)a( 0 )) -F ciO -f C 2 b. 



Accordingly, the coadjoint action of the bmS 3 algebra is 


*yx,<,)0Tci;p,iC2) - (Sjdtf-,0-,Spd(j>‘,0), 


(3.1) 


with 


Sp-Xp' + 2X'p-^X’", Sj - Xf + 2X'j-^X"' + ap' + 2a'p-^a’". (3.2) 
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The coadjoint representation of the BMS 3 group is given by 




where 


P= (/')V/-^‘5[/], j = {ff j + ap' + 2a'p - ^a" (3-4) 


and S[f] = f"'/f — I(/"//O^ denotes the Schwarzian derivative of /. 

3.2 Coadjoint orbits 

As for the Poincare group, the coadjoint orbits of BMS 3 are classified according to 
the general results of subsection 12.21 Due to the structure G x flab of BMS 3 , the 
orbits denoted Op in section [2] are the well-known coadjoint orbits of the Virasoro 
group, see e.g. [T51 - I19] . Nevertheless, we will keep calling these orbits “orbits of the 
action cr*” in order to distinguish them from the coadjoint orbits of BMS 3 itself. 

For a given {j, ici;p, ic 2 ) e bnrSg, the coadjoint orbit W(j,ici;p,ic 2 ) is thus a bundle 
over the cotangent bundle of the orbit Ci(p,ic 2)5 the typical fibre being a coadjoint orbit 
of the corresponding little group. In the case at hand, each C(p,ic 2 ) is ^ coadjoint 
orbit of the Virasoro group. Because the structure of Virasoro coadjoint orbits 
depends crucially on the (non-)vanishing of the central charge C 2 , we will focus first 
on the case that is relevant for three-dimensional gravity, namely C 2 A 0 . 

A generic orbit (P(p ,^ 2 ) then has a one-dimensional (Abelian) little group G(p^ic 2 )) 
whose coadjoint representation is trivial. In particular, as in the Poincare group, 
little group orbits consist of only one point, specified by the real value (s,ici) of 
{j,ici)(p,ic 2 ) Q{pic 2 p value s can again be considered as the classical analogue 
of spin. Hence, for generic supermomenta p, the coadjoint orbit W(j_jci;p,ic 2 ) is dif- 
feomorphic to the cotangent bundle T* 0 (p^ic 2 ) is specified by (i) the value of the 
central charges Ci and C 2 A 0 , (ii) the supermomentum p, and (hi) the spin s. 

Still working at non-zero C 2 , we also need to consider “exceptional” (non-generic) 
orbits 0 (^p^ic 2 ) constant supermomenta satisfying p = —n^C 2 / 487 r for some pos¬ 
itive integer n. For such orbits, the little group is the n-fold cover of PSL(2,R), 
so, in contrast to generic orbits, the little group’s coadjoint representation is not 
trivial. The coadjoint orbit yV(j,ici;p,ic 2 ) then is a fibre bundle over r*C>(p jc 2 )) having 
a coadjoint orbit of PSL^"^( 2 ,M) as its typical fibre. 

The case of vanishing C 2 is more intricate, because then the little group may 
have arbitrary dimension (see e.g. the summary in [20], section 2.2). We will not 
consider this situation in full generality here. Let us only mention one special 

^More precisely, (ITT1)-(IT21) is the differential of (I3.3I) - (I3.4I) up to an overall minus sign. 
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case: take C 2 = 0 and p = 0 and consider the coadjoint orbit which is 

diffeoniorphic to a coadjoint orbit of the Virasoro group for central charge ci and 
quadratic differential j. The central charge Ci then plays a crucial role, in contrast to 
the case C 2 ^ 0 discussed above. Such orbits are the BMS 3 analogue of the Poincare 
orbits 

3.3 Covariant phase space of asymptotically flat gravity 
Preliminary: the AdS case 

The general solution of Einstein’s equations in three dimensions with negative cos¬ 
mological constant A = —XjP' and Brown-Henneaux boundary conditions 121 ] can 
be written as [ 2 ^ 12 ^ 

ds^ = ^dr^ — r‘^[dx'^ — L~dx~) {dx~ — dx^) (3.5) 

in terms of a radial coordinate r e and light-cone coordinates x- = tli + (j) on the 
cylinder, where L^{x^) and L~{x~) are arbitrary, smooth, 27r-periodic functions. 
Under the action of conformal transformations of the cylinder at infinity, these 
functions transform according to the coadjoint representation of the Virasoro group 
with central charges 

c± = 3e/2G. (3.6) 

In this sense, the space of solutions of Einstein gravity on AdS 3 coincides with the 
hyperplane, at fixed central charges 03.61) . of the dual space of two copies of the 
Virasoro algebra. In particular, solutions of AdSs gravity are classified by Virasoro 
coadjoint orbits |2ni25] . and this classification defines a symplectic foliation of the 
space of solutions. From the point of view of the AdS/CFT correspondence, this 
property should not appear as a surprise, given that the operator dual to the bulk 
metric in AdS/CFT is the energy-momentum tensor, which, in two-dimensional 
conformal field theories, transforms precisely under the coadjoint representation of 
the Virasoro group. 

The fiat case 

A similar classification can be implemented for asymptotically flat space-times. In¬ 
deed, in BMS coordinates (r, n,0), the general solution of Einstein’s equations in 
three dimensions describing asymptotically flat spacetimes at null infinity is given 
by metrics |7j 


= Qdu^ — 2dudr -t- ( 2 S -t- uQ') dudcj) + r'^dcj)^ 





12 


G. Barnich, B. Oblak 


depending on two arbitrary functions on the circle, 0 = 0(0) and S = S(0). Under 
finite BMS 3 transformations acting on the cylinder at null inhnity, these functions 
have been shown |8l[26] to transform according to the coadjoint representation fl3.ip - 
fl3.4p upon identifying 0 = ( 167 rG')p and S = {87rG)j, with central charges 

Cl = 0, C 2 = 3/G. (3.7) 

Thus, just as for AdSa space-times, the space of solutions of Einstein’s equations 
with suitable flat boundary conditions at null in£nitj@ is a hyperplane, at hxed 
central charges fl3.7p . in the dual space of the bmsa algebra. As a consequence, these 
solutions can be classihed according to BMS 3 coadjoint orbits, and this classihcation 
again splits solution space into disjoint symplectic leaves. For example, the solution 
corresponding to 0 = —and S = 0 represents Minkowski spacetime for n = 1, 
and a conical excess of 27m for n > 1. Its coadjoint orbit VV’(o,o;p,ic 2 ) is diffeomorphic 
to the cotangent bundle of the Virasoro orbit Diff'^(5'^)/PSL^"'i(2, M). Other zero¬ 
mode solutions (that is, solutions specihed by constant 0 and S without 0 = —n^) 
represent cosmological solutions, angular defects or angular excesses, depending on 
the sign of 0 and 0 - 1-1 [251133] : when seen as elements of bmSg, their coadjoint 
orbits are all diffeomorphic to the cotangent bundle of Diff^(S'^)/S'^. 


Surface charge algebra revisited 


The identihcation of the space of solutions with the coadjoint representation of the 
asymptotic symmetry group can be understood from the expression of the surface 
chargeiil: for (A, a) e bmS 3 , the latter are given by [7| 

Q(x,a)[S, 0 ] = J # [ 2 S( 0 )X( 0 ) + 0 ( 0 )a( 0 )] = <(j,p), (A,a)>, (3.8) 


when writing 0 = IGttGp and S = SttCj. In turn, this gives a physical interpretation 
to the coadjoint vectors p and j of bmSg in the present context: they represent Bondi 
mass and angular momentum aspects. 

For any Lie group G with Lie algebra 0 , there is a natural Poisson bracket on 
0 *, dehned, for any pair of smooth functions $, T : 0 * ^ R, as 


{$,vI/}(j):=0-,[d<h,,dT,]> Vje0U 


Alternatively, in terms of coordinates Xa on 0 *, 


(3.9) 


(lo.Xl,} = /'tie. (3.10) 

^Other boundary boundary conditions are of course possible, leading either to a more restricted 
symmetry and dynamical structure I171I2B] or to an enhancement with Weyl symmetry [ 3 . 
similar observation also holds in the AdS case. 
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For the linear maps ((j, ici;p, 102 ), (X, —m; a, —ib)} parametrized by Lie algebra 
elements (X, —ia] a, —ib), the Poisson bracket fl3.9p yields 

{({j,ici,p,ic2), (Xi, -ibi)),({j,ici;p,ic2), (X 2 , -m 2 ; 02 , -*^ 2 ))} = 


(ij,ici;p,ic2), [(Xi, -ibi), (X 2 , -m 2 ; 02 , -*&2)]>- 


When Cl = 0, C 2 = 3/G, these brackets correspond precisely to the Dirac brackets of 
the surface charges fl3.8p as computed in [6]. Equivalently, in terms of coordinates 
Cl) C 2 on bmSg, fl3.10p becomes 


+ j{(p'))S4>S{(p - (j)') - ^dlS{(p - (j)'), 


{p(0),j(0')} = (P(0) 

{p{(j)),p{(j)')} = 0, 


while brackets involving ci,C 2 vanish. 

3.4 Energy and angular momentum 

Classifying the space of solutions of three-dimensional gravity according their asymp¬ 
totic symmetries allows one to study properties of energy and angular momentum, 
such as boundedness for instance [ID1I31] (see also for |35) for other recent consid¬ 
erations). Both in the AdSs and in the flat case, energy turns out to be related 
to a zero-mode of a coadjoint vector of the Virasoro group, and the boundedness 
properties of this zero-mode are known |l5inS] . 

In the AdSs case, with general solution f|3.5p and central charges fl3.6p . the only 
solutions that belong to Virasoro orbits whose energy is bounded from below are 
specihed by pairs (L+,L“) in which both functions L- belong either to the orbit 
of a constant ^ — c-/487r, or to the orbit of the “future-directed, massless 
deformation” of —c-fASn. This class of solutions contains, in particular, all BTZ 
black holes, but also conical defects and solutions containing closed time-like curves. 
On the Virasoro orbits of all such solutions, the zero-mode Lq of L- is bounded 
from below either by the value 2'irL^g^, or (in the case of the massless orbit) by the 
vacuum energy —c-/24. In particular, since energy (E) and angular momentum (J) 
are related to the zero-modes of L- by 



all solutions of AdSs gravity that belong to orbits with energy bounded from below 
have their angular momentum bounded by 


|J|<£E-fc±/12. 


( 3 . 11 ) 
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Similarly, solutions belonging to the orbit of BTZ black holes, which correspond to 
the case where and L~ are positive constants, all satisfy the cosmic censorship 
bound \J\ ^ iE. 

In the case of asymptotically flat gravity, a natural dehnition of total energy and 
angular momentum is then also simply given by the zero modes of p and j, 

J '»27r p27r 

d(j)p{(f)), J= d(pj{(j)). (3.12) 

0 Jo 

Following j36], chapters 19 and 20, a justihcation for this dehnition goes as follows. 
Total momentum and total angular momentum are the surface charges associated 
with the translation and the Lorentz Killing vectors of the asymptotically Lorentz 
frame, for which u = x^ — r, re*'^ = x^ + ix"^ (see section 5.3 of |2] for more details). In 
particular, total energy and the total rotation vector, which has but one component 
in three dimensions, are associated with djdx^ = d/du and x '^djdx'^—x'^djdx^ = d/dcj), 
which yields fl3.12p when used in fl3.8p . 

The boundedness properties of total energy on coadjoint orbits of BMS 3 follow 
from the transformation law fl3.3^ - 113.4p . Because p transforms as a Virasoro coad¬ 
joint vector, without any inhuence of j or Ci, the energy E has the same boundedness 
properties as but with central charge C 2 given in fl3.7p . Thus, E is bounded from 
below on the orbit of p iff this orbit is either that of a constant pcst ^ — C 2 / 487 r, 
or that of the future-directed, massless deformation of In particular, all 

cosmological solutions and all conical defects in flat space belong to orbits on which 
energy is bounded from below. Energy is also bounded from below on the orbit 
of Minkowski space (corresponding to j = 0 and p = —C2/487r), which realizes the 
minimum value of energy, Emin = —C 2 / 24 . 

In order to discuss properties of total angular momentum, we dehne, as in the 
Poincare case, intrinsic angular momentum as total angular computed in the rest 
frame. A solution labelled by (j,p) is put in its rest frame if the supermomentum 
p(^) is brought to a constant pcst by using a suitable superrotation. This is of course 
not possible on solutions whose p belongs to a Virasoro coadjoint orbit without 
constant representative. By integrating on the circle the piece a x p = ad*(p) in 
fl3.4p . it then follows that: 

Intrinsic angular momentum is free from supertranslation ambiguities. 

By contrast, whenever both p{(p) and a{(f)) are non-constant on the circle, mean¬ 
ing in particular that the applied supertranslation is not just a time translation, 
ad*(p) has a generally non-vanishing zero-mode and contributes to total angular 
momentum. 

Considering the boundedness properties of the total angular momentum J as 
such does not make sense. Whenever p(0) is non-constant on the circle, the value 
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of J can be tuned at will by acting with supertranslations. In particular, total 
angular momentum is unbounded from above and from below on all orbits Op. This 
should be contrasted with the completely different situation in AdSs spacetimes, 
where separate boundedness properties for the left- and right-moving energies imply 
boundedness of total angular momentum, as in eq. fid.lip . 

As regards intrinsic angular momentum, the situation is different. By construc¬ 
tion, supertranslations play no role there. In the rest frame, the only superrotations 
that are still allowed are those of the little group Gp^^^. So for boundedness proper¬ 
ties of intrinsic angular momentum, one needs to study its boundedness properties 
on coadjoint orbits of the little group. 

Let us illustrate our purposes with two examples. First, consider the orbit Op of 
a massive BMS 3 solution, that is, an orbit containing a constant supermomentum 
p{(j)) = Pest > —C 2 / 487 r. The corresponding little group U(l) consists of rigid rota¬ 
tions /(0) = -I- cst, and it follows from fl3.4p that intrinsic angular momentum is 

unaffected by such superrotations. 

Second, consider the vacuum supermomentum vector p = —C 2 / 487 r, whose little 
group is PSL(2,M). It follows from the discussion of section 5.3 of |9] that the 
coadjoint orbits of PSL(2,R) are the “mass hyperboloids” of the Lorentz group 
in three dimensions, represented in a three-dimensional space with axes Jq = J, 
J+i = d(j)j 6 -*“^. Depending on the PSL(2, M)-orbit, the boundedness properties 
of J are very different. The trivial case of the vacuum orbit Jq = J+i = 0 brings 
nothing new, as it is left invariant by the whole little group PSL(2,M); intrinsic 
angular momentum vanishes and total angular momentum is entirely composed 
of orbital angular momentum. By contrast, consider the “future-directed, massive 
orbit” of PSL(2,M), the upper half of the two-sheeted hyperboloid. Then, little 
group transformations act non-trivially on J but intrinsic angular momentum is 
bounded from below by the intersection of the hyperboloid with the Jq axis. It may, 
however, take an arbitrarily large value. Similar results hold for the upper conical 
orbits of PSL(2,M). For the one-sheeted hypeboloid, the “tachyonic” orbit, intrinsic 
angular momentum is bounded neither from below, nor from above. 


4 Quantization and induced representations 

In this section we discuss the relation between classical asymptotically flat solutions 
and BMS 3 particles, i.e. the link between coadjoint and induced representations of 
BMS 3 , in terms of geometric quantization. 
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4.1 Geometric quantization for semi-direct products 

Generalities on the orbit method 

Let G be a Lie group with Lie algebra g. The Poisson bracket (ITQD defines a 
symplectic foliation of g*, the leaf through j e g* being the coadjoint orbit Wj of j. 
For any k belonging to Wj, the tangent space of Wj at k can be identified with the 
space of “infinitesimal displacements” ad^(A:), where X e g. The bracket fl3.9|) then 
induces, on each orbit Wj, a G-invariant symplectic form oj given by 

Uk (adi(A:), ad* (fc)) := k ([X, T]). (4.1) 

Geometric quantization associates a quantum Hilbert space with the phase space 
Wj, proceeding in two steps: prequantization and polarization. 

Prequantization turns out to be possible provided the symplectic form satisfies 
the integrality condition 

e^fd=Rh.„(>Vj,Z), (4.2) 

in which case there exists a complex line bundle over Wj, endowed with a connec¬ 
tion whose curvature two-form is The pre-quantum Hilbert space consists of 

all sections of this line bundle that are square-integrable with respect to a Hermi- 
tian structure preserved by the connection. This Hilbert space is then reduced to 
a smaller subspace by choosing a polarization — an appropriate subbundle of the 
complexified tangent bundle of the symplectic manifold — and restricting both the 
quantizable observables and the quantum wavefunctions to be compatible with this 
polarization. The idea of the orbit method is that, when a suitable polarization 
can be found, geometric quantization should produce an irreducible unitary repre¬ 
sentation of the corresponding Lie group G. For compact or solvable Lie groups, 
this procedure actually exhausts all irreducible unitary representations; for other 
Lie groups, complications may arise, especially if the group is infinite-dimensional. 

Semi-direct products 

Suppose we want to quantize a coadjoint orbit W^j^p) of the semi-direct product 
group H. Since the Lie bracket in t) reads 



[(X,/3),(y,7)] = ([^,n,Sx7-Sy/3) 
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the natural symplectic form fl4.1l) . evaluated at the point (Adjj + a x ajp,ajp) in 
>V(j-p), is given bji 


‘^(Adp+„x,„)((v/J),(y,7)) = 

= (Ad‘,j,[X,Y]) + (~,xq,X)-(Pxq,Y} + (axq,[X,Y]}, (4^3) 

where we write q = a*jp for simplicity. In the three last terms of this expression, 
one may recognize the Liouville symplectic form on the cotangent bundle T*Op, 
provided a x q is seen as an element of T*Op. On the other hand, the hrst term of 
fl4.3p looks just like the natural symplectic form (14.11) on the G-coadjoint orbit of j 
up to the fact that Ad^j does not, generally, belong to g*. Thus, if we see yV{j,p) 
as a hbre bundle over T*Op with typical hbre the coadjoint orbit of the little 
group, restricting the symplectic form f|4.3p to a hbre gives back the symplectic form 
on the little group’s coadjoint orbit. 

This observation actually follows from a more general result, which states that 
the coadjoint orbits of a semi-direct product are obtained by symplectic induction 
from the coadjoint orbits of its little groups, see HSQ] for details. This result is of 
crucial importance for geometric quantization of Indeed, since the Liouville 

symplectic form is exact, it implies that the cohomology class of u in (14.3p depends 
only on the class of the natural symplectic form on the appropriate coadjoint orbit 
of the little group. In other words, the i7-coadjoint orbit yV{j,p) is prequantizable 
iff the corresponding Gp-coadjoint orbit is prequantizable. Provided a suitable 
polarization can be found for this orbit, one obtains a unitary representation TZ of 
the little group Gp, acting on a complex Hilbert space £ whose scalar product we 
will denote as (.|.). One can then use the representation TZ of Gp to “induce” a 
representation T of H. To do so, one chooses a real polarization for sections of the 
trivial line bundle over T*Op, such that polarized sections be functions Op ^ C. 
Provided a G-quasi-invariant measure p exists on Op, the Hilbert space Ti obtained 
upon quantization of W(j,p) becomes the space of square-integrable “wavefunctions” 
^ Op ^ £, their scalar product being 

<$|T>:=r dp{q){^q)\^>{q)). (4.4) 

JOp 

The action T of 77 on the space of such wavefunctions then coincides with that of an 
induced representation iiQiai]. Thus, geometric quantization of the coadjoint orbits 
of a semi-direct product group reproduces induced representations in the sense of 
Wigner and Mackey. 

®Here we write the argument of as a pair of elements of the Lie algebra of H. This is an 
abuse of notation, being understood that these elements represent tangent vectors of W(j^p) at the 
point (Ad*(j) -\- a X q,(£j through their coadjoint action on that point, as in 61]). 
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We should mention, however, that not all induced representations can be recov¬ 
ered in this way. For instance, if the little group Gp is disconnected, it may happen 
that the only representations of Gp available through quantization are those in which 
the discrete subgroup of Gp is represented trivially [H]. Furthermore, the construc¬ 
tion may suffer from other complications, related for instance to the non-existence 
of a suitable polarization. 

4.2 Gravity and BMS 3 particles 

We can apply the procedure outlined in the previous subsection to coadjoint or¬ 
bits of the BMS 3 group, seen as phase spaces equipped with the natural symplectic 
form fl4.3p . As sketched above for the case of hnite-dimensional Lie groups, geo¬ 
metric quantization of such orbits produces induced representations. Owing to the 
discussion of section [3l this relation can be rephrased in terms of solutions of Ein¬ 
stein’s equations in an asymptotically flat space-time in three dimensions: geometric 
quantization of the orbit corresponding to a solution labelled by the pair (j, p) pro¬ 
duces a BMS 3 particle whose supermomenta span the orbit Op, and whose spin is 
determined by jp. This establishes the link between the considerations of [9] and 
three-dimensional gravity. 

There is, however, an important subtlety: in writing down the scalar product 
fl4.4p . we assumed the existence of a quasi-invariant measure p on Op. When Op is 
a hnite-dimensional manifold, such a measure always exists |12]. Furthermore, for 
semi-direct products of the form G x Ad flab, the orbits Op are coadjoint orbits of G; 
they have, therefore, a symplectic form cu given by fl4.ip . which can be used to dehne 
an invariant volume form proportional to where d denotes the dimension of 
the orbit. But in the case of BMS 3 , the orbits Op are inhnite-dimensional Virasoro 
orbits, so the question of the existence of a quasi-invariant measure is much more 
involved, see e.g. [451117] . We will not study this problem here, but hope that it will 
be settled in the future. 


5 Conclusion 

In this work we have shown how the classihcation of coadjoint orbits of the centrally 
extended BMS 3 group controls solutions of asymptotically flat Einstein gravity in 
three dimensions. Upon geometric quantization, these orbits yield BMS 3 particles, 
i.e. induced representations of the BMS 3 group. This brings the understanding of the 
relation between group-theoretic aspects of the BMS 3 group and flat space gravity 
to the same level as has been achieved in the AdS 3 case in |24[[25ll54] . 
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